This paper presents a position and posture control strategy for a n-link planar underactuated manipulator with passive second joint in horizontal plane. The n-link planar underactuated mechanical manipulator is a second-order nonholonomic system, the control objective is to move the end-effector to a given position with a desired posture. The whole control process is divided into n−2 stages. In each stage, the first link is maintained at its initial states unchanged, there exists an angle constraint between the passive link and one of the active links. Based on the angle constraints, the target angles of the control objective are calculated by using genetic algorithm. The controllers of each stages are designed, respectively, to achieve the control objective of one of the active links. Finally, taking a 5-link planar underactuated mechanical manipulator, for example, the simulation results demonstrate the validity of the proposed control method.
Introduction
Nonholonomic mechanical systems (see Hussein & Bloch, 2008; Chen et al., 2013) usually have nonintegrable velocity or acceleration constraints. Underactuated mechanical systems (see Xin et al., 2009; Shiriaev et al., 2014) have fewer controls than degrees of freedoms. In general, underactuated mechanical systems are the classical nonholonomic systems.
Underactuated manipulators are important subclass of underactuated mechanical systems. There are two categories underactuated manipulators: vertical plane ones and horizontal plane ones (planar underactuated manipulators). For the former, the linear approximation model of balance point is controllable. To reduce the complexity of control, the motion space is usually divided into two areas: a swing-up area and a balance area, the swing-up and balancing control approaches for the systems are proposed in Eom & Chwa (2015) and Lai et al. (2015a) . For the latter, there is no gravity torque, any position of the system is the equilibrium point and its linear approximation model of balance point is not controllable. Thus, the control approaches of the former are not suitable for the latter.
Since the different positions of the passive joint located, the planar underactuated manipulators have various nonlinear characteristics. Thus, different control approaches are needed for the planar underactuated manipulators when the passive joint is located in different position. A planar acrobot (two link 2 PEI-YIN XIONG ET AL.
manipulator with passive first joint) is a special underactuated manipulator, which is holonomic system, i.e. there exist angle constraint (see Oriolo & Nakamura, 1991) . Based on holonomic characteristics, Lai et al. (2015b) propose the motion control method to realize position control of the planar acrobot. The planar n-link underactuated manipulator with passive first joint is a first-order nonholonomic system, i.e. there only exists angular velocity constraint. By using the angle constraint of the planar acrobot, the multi-stage stable control strategy is proposed to realize the control objective of the system, for example, the planar three-link underactuated manipulator system (see Lai et al., 2016) .
The planar underactuated manipulator with first joint being not passive is second-order nonholonomic system. For a planar pendubot (two link manipulator with passive second joint), nilpotent approximation is used to transform the dynamic equations, and the control method is devised based the iterative steering paradigm (see De Luca et al., 2000) . Through mathematical conversion, the dynamic equations of the planar pendubot are in Byrnes-Isidori normal form, and an approach of sliding mode control is proposed (see Knoll & Röbenack, 2011) . Unfortunately, both approaches only control the system to swing around the target location, but cannot stabilize the manipulator at the target position. In general, for the planar n-link (n > 2) underactuated manipulator with first joint being active, there is still not effective stability control approach. Now, the control of the planar underactuated manipulator is mainly focus on the position control. However, the posture control is another important aspect for the mechanical systems in practical applications. Feedback compensation (see Sharbafi et al., 2013) , feedback linearization and model reference adaptive control (see Hirose et al., 2015) are proposed to realize some special posture control problems. But these approaches are mainly for the vertical plane underactuated manipulator or the fully actuated systems which cannot be applied to the planar underactuated manipulator. Hence, it is a challenge to move the end-effector of the planar underactuated manipulator to a given position with a desired posture. This paper presents a position and posture strategy for the n-link planar underactuated manipulator with a passive second joint. First, a dynamic model of the system is built. Then, the whole control process is divided into n−2 stages. In each stage, the first link is controlled to maintain at its initial states unchanged, one of the active links is controlled to the target value, and the other active links are maintained to be the initial states or the target values of the previous stage. Therefore, the n-link planar manipulator is like a planar acrobot in each stage, and there exists an angle constraint between the passive link and the active link. Based on those angle constraints, the target angles of the control objective are calculated by using genetic algorithm. The controllers of each stage are designed, respectively, to realize the control target of each stage. Finally, the simulation results demonstrate the validity of the proposed control method. The Lagrange function of the system is
Dynamic model
where q = q 1 , . . . , q n T ,q = q 1 , . . . ,q n T are the vectors of generalized angles and angular velocities,
n×n is the positive definite symmetric inertia matrix, s = min{i, j} + 1 for i, j < n and M nn is constant. 
according to (2.1), (2.2) can be rewritten as
T is the vectors of applied torques. Obviously, the gravitational torque in the constraint equation (2.3b) is zero, but the passive joint variable q 2 appears in the inertia matrix M(q), the constraint equation (2.3b) does not meet the condition (2) of Lemma 2.1, thus it is not integrable. Therefore, the n-link planar underactuated manipulator is a second-order nonholonomic system.
Target angles
In this section, the angle constraints between the passive link and the active kth link (k = 3, . . . , n) are obtained, and then the target angles of the control objective are calculated by using genetic algorithm (see Köker, 2013) .
Angle constraint
Based on the holonomic characteristics of a planar acrobot, the whole control process of the system is divided into n−2 stages, the planar n-link manipulator is like a planar acrobot in each stage. In pth stage (1 ≤ p ≤ n − 2), the active kth link (k = p + 2) is controlled to the target angle, and the other active links are maintained to be the initial states or the target values of the previous stage.
. . , n denote the initial angle of the ith link in the pth stage. From (2.3b), we haveM 22q2 +M 2kqk +H 2 = 0, (3.1)
According to the complete integrability characteristics of the planar acrobot (see Lai et al., 2015b) , there is
SinceM 22 > 0 and there is no variable q 2 appears inM 22 > 0, the equation (3.2) formed with separated variables q 2 and q k . By using the separation of variables, the following equation is obtained through integration. 2d . Considering the above angle constraints, the target angles of the control objective are calculated by using genetic algorithm in the following subsection.
Target angles calculation
Based on the inverse kinematics of the system (see Wei et al., 2014) , the coordinates of end-effector (X, Y ) and the posture angle Z are the functions of the link angles q 1 , . . . , q n (see Fig. 1 ). The functions are as follows
where the function rem(x, y) is the remainder of x divided by y (y is not equal to zero). Due to the complexity of the angle constraints (3.3), it is difficult to solve this inverse kinematics problem. The genetic algorithm is employed to obtain the target angles of the control objective.
The searching range of q 3 , . . . , q n is [−10, 10] rad, each chromosome consists (n − 2) × 18 bytes of the binary vector. Considering the relative errors of the horizontal and vertical co-ordinates of the position as well as the posture, the fitness function is defined as follows: Given a random initial population, the genetic algorithm operates in cycles, as follows:
Step 1. Each member of the population is evaluated by the fitness function. The population undergoes reproduction in a number of iterations. One or more parents are chosen stochastically, but strings with higher fitness values have higher probability of contributing to the offsprings.
Step 2. The offsprings are produced by applying the genetic operators (crossover and mutation, and so on).
Step 3. The offsprings are inserted into the population and the process is repeated. Under the restrictions of (3.3), The feasible solutions q 3d , . . . , q nd for (3.5) are obtained by using the genetic algorithm, and q (p) 2d can be worked out by using (3.3). Since the diversity and the periodicity of the links angle, there are multiple solutions for the control objective. But, when one set of solutions is searched by employing the genetic algorithm, the genetic algorithm operate is automatically stopped.
Controller design
T = q,q T , the state space equation of the planar underactuated manipulator can be written to be
where
In the pth stage, we control the active kth link to the desired angle while the other active links are maintained to be the target values of the previous stage. The Lyapunov function in the stage is constructed to be
Taking the time derivative of V k (x), we havė
According to (4.4), the control laws are designed to be
where γ 1 , γ 3 , . . . , γ n > 0 are constant parameters, g ii > 0 is the element of main diagonal of the positive matrix M(q) −1 . Hence, there is no singular point. Substituting (4.5) into (4.4), yieldṡ
ForV k (x) is negative semidefinite, LaSalle invariable principle (see LaSalle, 2012 ) is used to prove that the control objective can be realized.
Theorem 4.1 Considering the n-link underactuated manipulator (4.1). In pth stage, under the control with the controller (4.5), the desired angle of the kth link (k = p + 2) is achieved, the angular velocity asymptotically reaches zero, i.e.
When p traverses through the set {3, 4, . . . , n}, the position and posture control objective of the planar n-link underactuated manipulator is realized.
Proof. First, we prove that the system controlled by the controller (4.5) is globally asymptotically stable, or, rather, (4.7) holds. Let Ω = {x ∈ R n |V k (x) ≤ c, c > 0 }, From (4.5), we know that V k (x) → ∞, as x i → ∞, i = 2, n + 2. (3.2) and (3.3) imply x k → ∞ , as x 2 → ∞ and x k+n → ∞,as
is radial unbounded. Therefore, Ω is a positive invariant compact set. Defined the invariant set E k and maximum invariant set M k of the system. From (4.6), we havė Since every points is the equilibrium of the system, E k is the invariant set of the system. If x i+n = 0, i = 1, . . . , n, x i are constants and H i = 0 holds. From the state space model (4.2), we have
n . Using the angle constraint (3.3), we can get
Obviously, there is only one point in the invariant set, the maximum invariant set M k = E k . According to LaSalle's theorem, every trajectories starting at Ω approaches E k , as t → ∞, i.e. (4.7) holds.
Then, we prove that all the target angles of links can be realized in the whole control process. The Switch conditions are |x k − q kd | ≤ e k1 , |x n+k | ≤ e k2 , e k1 , e k2 (the small positive constants) are the switching threshold. After moving the kth link to the desired angle, the angles of links q
n are the initial value of controlling the other link. As p (1 ≤ p ≤ n − 2) taking any other integer value, according to the same methods above, the system can be stabilized at the target angle of that stage. If p traverses the set {1, . . . , n −2} successfully, all the target angles of links are realized.
From what has mentioned above, after all the n − 2 stages of control, the system can be stabilized at the target position with the desired posture finally.
Simulation results
This section presents simulation results of a 5-link underactuated manipulator with passive second joint. The SIMULINK simulation tool of MATLAB software is applied. The parameters of the system are shown in Appendix A and the following Table 1 In the genetic algorithm, the simulation step length is 0.001 s, the crossover possibility is 0.8 and the mutation possibility is 0.002. According to the control objective, the target angles calculated by using the genetic algorithm. The target angles of the active links are generated q 3d = −6.993 rad, q 4d = 7.138 rad, q 5d = 4.899 rad, as Fig. 2(a-c) show. Based on the angle constraints, q 2d = −8.156 rad is obtained. Figure 2(d) implies that the fitness function reaches the maximum value (f = 32.238). At this time, the reciprocal of the fitness function 1/f = 0.031 is the minimum. Therefore, the relative errors of the horizontal and vertical coordinates of the position as well as the posture are small, which shows the accuracy for those target angles is high. The simulation results Fig. 3(a) shows that the angles converge to the target values smoothly and the control strategy switch at 7.703 and 15.421 s, the system realize stabilization in 22 s. The angles of the links finally reach steady state at q 1d = 0 rad, q 2d = −8.156 rad, q 3d = −6.993 rad, q 4d = 7.138 rad, q 5d = 4.899 rad. Figure 3(b) implies that the control torques vary within 4 Nm, which are relatively small. The co-ordinates of the end effector stabilized at (0.630, 1.711) m with the posture angle 1.057 rad, as the Fig. 3(c and d) show. For different position or posture, the proposed control strategy can realize the control objective. 
Conclusion
We have presented a multi-stage control strategy to realize the position and posture control of n-link planar underactuated manipulator with passive second joint. The control strategy consists of n−2 stages. In each stage, the n-link planar underactuated manipulator is like a planar acrobot. Based on the angle constraint relation of each stage of the system, genetic algorithm is employed to obtain the target angles of links according to the control objective. Through the control of the n−2 stages, the active links and the 10 PEI-YIN XIONG ET AL.
passive link reach their target angles, which ensures that the control objective of the system is realized. Simulation results demonstrate the validity of the proposed control method.
The control strategy in the paper can be extended to the n-link planar underactuated manipulators with one passive joint, but the reachable area is different because of the different position of the passive joint. In the future, we will find a control strategy to control all active links before the passive joint to their arbitrary target angles, so we can stabilize the second-order nonholonomic underactuated mechanical system at arbitrary point of the geometric reachable region.
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